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We characterize the Lefschetz periodic point free self-continuous maps on the following
connected compact manifolds: CPn the n-dimensional complex projective space, HPn the
n-dimensional quaternion projective space, Sn the n-dimensional sphere and Sp × Sq the
product space of the p-dimensional with the q-dimensional spheres.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction and statement of the main results
We consider the discrete dynamical system (M, f ) where M is a topological space and f : M → M be a continuous map.
A point x is called ﬁxed if f (x) = x, and periodic of period k if f k(x) = x and f i(x) = x if 0 < i < k. By Per( f ) we denote the
set of periods of all the periodic points of f .
If x ∈ M the set {x, f (x), f 2(x), . . . , f n(x), . . .} is called the orbit of the point x. Here f n means the composition of n
times f with itself. To study the dynamics of the map f is to study all the different kind of orbits of f . Of course if x is a
periodic point of f of period k, then its orbit is {x, f (x), f 2(x), . . . , f k−1(x)}, and it is called a periodic orbit.
The periodic orbits play an important role in the general dynamics of the system, for studying them we can use topo-
logical information. Perhaps the best known example in this direction are the results contained in the seminal paper entitle
Period three implies chaos for continuous self-maps on the interval, see [15].
Let M be a connected compact manifold. Our aim would be characterize classes of continuous self-maps f on M which
are periodic point free, i.e. for which Per( f ) = ∅.
There are only two 1-dimensional connected compact manifolds, the interval and the circle. It is well known that any
continuous self-map on the interval has ﬁxed points, so there are no periodic point free maps on the interval. The circle
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in order that a continuous self-map of the circle be periodic point free, see for deﬁnitions and details [1].
There are several papers studying different classes of periodic point free self-maps on the annulus see [10,12], or on
the 2-dimensional torus see [3,11,14], . . . . But in general to characterize the periodic point free maps on a connected
compact manifold M is a very hard problem. Here we will consider a more easier problem, and then we will get results
for continuous self-maps on some connected compact manifolds of arbitrary dimension. First we need to introduce some
deﬁnitions.
Probably the main contribution of the Lefschetz’s work in 1920s was to link the homology class of a given map with
an earlier work on the indices of Brouwer on the continuous self-maps on compact manifolds. These two notions pro-
vide equivalent deﬁnitions for the Lefschetz numbers, and from their comparison, can be obtained information about the
existence of ﬁxed points.
Let M be an n-dimensional manifold. We denote by Hk(M,Q) for k = 0,1, . . . ,n the homological groups with coeﬃcients
in Q. Each of these groups is a ﬁnite-dimensional linear space over Q. Given a continuous map f : M → M there exist n+1
induced linear maps f∗k : Hk(M,Q) → Hk(M,Q) for k = 0,1, . . . ,n by f . Every linear map f∗k is given by an nk ×nk matrix
with integer entries, where nk is the dimension of Hk(M,Q).
Given a continuous map f : M → M on a compact n-dimensional manifold M, its Lefschetz number L( f ) is deﬁned as
L( f ) =
n∑
k=0
(−1)k trace( f∗k). (1)
One of the main results connecting the algebraic topology with the ﬁxed point theory is the Lefschetz Fixed Point Theorem
which establishes the existence of a ﬁxed point if L( f ) = 0, see for instance [4]. We can consider the Lefschetz number
of f m but, in general, it is not true that L( f m) = 0 implies that f has a periodic point of period m; it only implies the
existence of a periodic point with period a divisor of m.
Clearly a necessary condition in order that a map be periodic point free is that all Lefschetz numbers L( f m) be zero for
m = 1,2,3, . . . . This is the case of the continuous self-maps of the circle with degree 1, because the Lefschetz number of a
continuous self-map of the circle with degree d is 1− d, and all the iterates f m of f have degree 1 if f is of degree 1, for
more details see again [1]. Then we deﬁne that a continuous self-map f on the compact manifold M is Lefschetz periodic
point free if L( f m) = 0 for m = 1,2,3, . . . . For additional information about the sequence {L( f m)} see [2].
As far as we know the unique class of continuous self-maps for which have been characterized the ones which are
Lefschetz periodic point free are: The continuous self-maps on the n-dimensional torus are Lefschetz periodic point free if and only
if 1 is an eigenvalue of the induced homology homomorphism f∗1, see for instance [13].
Our objective will be to characterize some classes of continuous self-maps on connected compact manifolds which be
Lefschetz periodic point free, but recall that this does not imply that they are periodic point free. As we have seen this is
a necessary condition but not suﬃcient as it is shown by the continuous self-maps on the circle of degree 1, see [1]. If we
restrict our attention to the class of Morse–Smale diffeomorphisms on the 2-dimensional sphere and on the n-dimensional
torus we have characterize the ones which are Lefschetz periodic point free, see [7–9].
Our main results are the following.
Theorem 1. Let f be a continuous self-map on CPn, the n-dimensional complex projective space, such that f∗2 = (a). Then f is
Lefschetz periodic point free if and only if a = 0.
Of course the notation f∗2 = (a) means the action by the 1 × 1 matrix (a), that is, just multiplication by a in the
homological group H2(CPn,Q) ≈ Q.
Theorem 2. Let f be a continuous self-map on HPn, the n-dimensional quaternion projective space, such that f∗4 = (a). Then f is
Lefschetz periodic point free if and only if a = 0.
Theorems 1 and 2 are proved in Section 3.
Theorem 3. Let f be a continuous self-map on Sn, the n-dimensional sphere, such that f∗n = (d), i.e. d is the degree of f . Then f is
Lefschetz periodic point free if and only if n is odd and d = 1.
Theorem 4. Let f be a continuous self-map on Sp × Sq with 1 p < q, and let f∗p = (a), f∗q = (b) and f∗p+q = (c) be. Then f is
Lefschetz periodic point free if and only if one of the following conditions holds:
(i) p odd, q odd, a = 1 and b = c;
(ii) p odd, q odd, a = c and b = 1;
(iii) p even, q odd, a = c and b = 1;
(iv) p even, q odd, a = b and c = 1;
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(vi) p odd, q even, a = b and c = 1.




. Then f is Lefschetz periodic point
free if and only if p is odd, a + d = 1+ e and ad − bc = e.
Theorems 3, 4 and 5 are proved in Section 4.
Consider the family F of all self-maps f of a given compact manifold with given maps induced in homology groups by
iterates of f . Suppose that all Lefschetz numbers are 0, or equivalently Z f (t) ≡ 1. Does that mean that there is a map from F
with no periodic point? As it was mentioned before for a continuous self-maps f of Tn it is well known that the Lefschetz
numbers L( f r) are zero for r = 1,2, . . . if and only if 1 is an eigenvalue of f∗1. For the continuous self-maps of the circle
T1 of degree 1, denoted simply as circle maps in what follows, all possible sets of periods have been characterized, see for
instance Chapter 3 of Ref. [1]. There are circle maps without periodic points, there are circle maps with periodic points of
any period, and . . . . Using these circle maps identical set of periods to those of the circle maps can be obtained easily for
continuous self-maps of Tn such that 1 is an eigenvalue of f∗1. These families of maps show that when a map has all its
Lefschetz numbers L( f r) zero almost anything can occurs with its set of periods.
On the other hand the previous question seems very hard. We think that it is possible that if for a continuous self-map f
of a compact manifold M its Lefschetz numbers L( f r) are zero for r = 1,2, . . . , then there exists a continuous self-map g of
a compact manifold N with the same homology spaces than M (i.e. Hk(M,Q) ≈ Hk(N,Q) for all k) and having g the same
induced homology endomorphims than f (i.e. g∗k = f∗k for all k) such that g is periodic point free. But for the moment we
do not have a clear idea for proving or disproving this.
In Section 2 we recall some basic results on the Lefschetz zeta function that we shall use in the proof of our main results.
2. The Lefschetz zeta function
The Lefschetz zeta function Z f (t) will simplify the study of the periodic points of f , and in particular it also facilitates to
determine when f is Lefschetz periodic point free. The function Z f (t) is a generating function for all the Lefschetz numbers
of all iterates of f . More precisely the Lefschetz zeta function of f is deﬁned as








This function keeps the information of the Lefschetz number for all the iterates of f , so this function gives information
about the set of periods of f . There is the following alternative way to compute it
Z f (t) =
n∏
k=0
det(Idk − t f∗k)(−1)k+1 , (3)
where n = dimM and Idk is the identity map of Hk(M,Q), and by convention det(Idk − t f∗k) = 1 if nk = 0, for more details
see [6]. Note that from (3) the Lefschetz zeta function is a rational function.
From the deﬁnition of Lefschetz zeta function follows immediately that f is Lefschetz periodic point free if and only if
its Lefschetz zeta function Z f (t) ≡ 1. We shall use this fact as a key point for proving our results.
3. Proof of Theorems 1 and 2
Proof of Theorem 1. Assume that we are under the assumptions of Theorem 1.




)= {Q if q ∈ {0,2,4, . . . ,2n},
0 otherwise.
The induced linear maps are f∗q = (aq/2) for q ∈ {0,2,4, . . . ,2n} with a ∈ Z, and f∗q = (0) otherwise (see for more details
[17, Corollary 5.28]). We recall that since we work with connected manifolds always H0(M,Q) = Q and f∗0 = (1).
From (3) the Lefschetz zeta function of f has the form







where q runs over {0,2,4, . . . ,2n}.
By Section 2 the map f is Lefschetz periodic point free if and only if Z f (t) ≡ 1. From (4) Z f (t) ≡ 1 if and only if a = 0.
So the theorem is proved. 
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Q if q ∈ {0,4,8, . . . ,4n},
0 otherwise.
The induced linear maps are f∗q = (aq/4) for q ∈ {0,4,8, . . . ,4n} with a ∈ Z, and f∗q = (0) otherwise (see for more details
[17, Corollary 5.33]).
The rest of the proof can be made using the same arguments than in the proof of Theorem 1. 
4. Proof of Theorems 3, 4 and 5
Proof of Theorem 3. Assume that we are under the assumptions of Theorem 3.






Q if q ∈ {0,n},
0 otherwise.
The induced linear maps are f∗0 = (1) and f∗n = (d), where d is the degree of the map f and f∗i = 0 for i ∈ {1, . . . ,n − 1}
(see for more details [16]).
From (3) we have that






1− t if n is odd,
1
(1−t)(1−dt) = 1 if n is even.
So clearly Z f (t) ≡ 1 if and only if n is odd and d = 1. This completes the proof of the theorem. 
Proof of Theorem 4. Assume that we are under the assumptions of Theorem 4.





Q if q ∈ {0, p,q, p + q},
0 otherwise.
The induced linear maps are f∗0 = (1), f∗p = (a), f∗q = (b) with a,b ∈ Z, f∗p+q = (c), where c is the degree of the map f
and f∗i = (0) for i ∈ {1, . . . , p + q} and i = p,q, p + q (see for more details [5]).
From (3) the Lefschetz zeta function of f is of the form
Z f (t) = (1− at)
(−1)p+1(1− bt)(−1)q+1(1− ct)(−1)p+q+1
1− t . (5)
Now we consider four cases.
Case 1. p and q even. Then
Z f (t) = 1
(1− t)(1− at)(1− bt)(1− ct) = 1. (6)
Case 2. p and q odd. Then
Z f (t) = (1− at)(1− bt)
(1− t)(1− ct) . (7)
Therefore Z f (t) ≡ 1 if and only if either a = 1 and b = c, or a = c and b = 1.
Case 3. p even and q odd.
Z f (t) = (1− bt)(1− ct)
(1− t)(1− at) . (8)
So Z f (t) ≡ 1 if and only if either b = 1 and a = c, or a = b and c = 1.
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Z f (t) = (1− at)(1− ct)
(1− t)(1− bt) . (9)
Hence Z f (t) ≡ 1 if and only if either a = 1 and b = c, or a = b and c = 1.
From the expressions (6) to (9) if follows easily the proof of the theorem. 
Proof of Theorem 5. Assume that we are under the assumptions of Theorem 5.






Q if q ∈ {0,2p},
Q⊕Q if q = p,
0 otherwise.




with a,b, c,d ∈ Z, f∗2p = (e) where e is the degree of the map f , and
f∗i = (0) for i ∈ {1, . . . ,2p}, i = 1, p,2p (see for more details [5]). From (3) the Lefschetz zeta function of f is
Z f (t) = (1− (a + d)t + (ad − bc)t
2)(−1)p+1
(1− t)(1− et) . (10)
Clearly if p is even then Z f (t) ≡ 1, and if p is odd then Z f (t) ≡ 1 if and only if a + d = 1 + e and ad − bc = e. Therefore
the theorem is proved. 
Acknowledgements
The authors want to thank to the referee his comments which help us to improve the presentation of this paper.
The ﬁrst author was partially supported by MCYT/FEDER grant number MTM2008-03679/MTM, Fundación Séneca de la
Región de Murcia, grant number 08667/PI/08 and Junta de Comunidades de Castilla-La Mancha, grant number PEII09-0220-
0222. The second author was partially supported by MCYT/FEDER grant number MTM2008-03437, by CICYT grant number
2009SGR 410 and ICREA Academia.
References
[1] L. Alsedà, J. Llibre, M. Misiurewicz, Combinatorial Dynamics and Entropy in Dimension One, second edition, Advanced Series in Nonlinear Dynamics,
vol. 5, World Scientiﬁc, Singapore, 2000.
[2] I.K. Babenko, S.A. Bogatyi, The behavior of the index of periodic points under iterations of a mapping, Math. USSR Izvestiya 38 (1992) 1–26.
[3] M.M. Barge, R.B. Walker, Periodic point free maps of tori which have rotation sets with interior, Nonlinearity 6 (1993) 481–489.
[4] R.F. Brown, The Lefschetz Fixed Point Theorem, Scott, Foresman and Company, Glenview, IL, 1971.
[5] C.T. Dodson, P.E. Parker, A User’s Guide to Algebraic Topology, Kluwer Acad. Publ., 1996.
[6] J. Franks, Homology and Dynamical Systems, CBSM Regional Conf. Ser. in Math., vol. 49, Amer. Math. Soc., Providence, RI, 1982.
[7] J.L.G. Guirao, J. Llibre, Periods for the Morse–Smale diffeomorphisms on S2, Colloquium Math. 200 (2008) 477–483.
[8] J.L.G. Guirao, J. Llibre, Minimal Lefschetz sets of periods for Morse–Smale diffeomorphisms on the n-dimensional torus, J. Difference Equations and
Applications 16 (2010) 689–703.
[9] J.L.G. Guirao, J. Llibre, The set of periods for the Morse–Smale diffeomorphisms on T2, preprint, 2010.
[10] G.R. Hall, M. Turpin, Robustness of periodic point free maps of the annulus, Topology Appl. 69 (1996) 211–215.
[11] M. Handel, Periodic point free homeomorphism of T 2, Proc. Amer. Math. Soc. 107 (1989) 511–515.
[12] T. Jäger, Periodic point free homeomorphisms of the open annulus: From skew products to non-ﬁbred maps, Proc. Amer. Math. Soc. 138 (2010)
1751–1764.
[13] B. Jiang, J. Llibre, Minimal sets of periods for torus maps, Disc. Cont. Dyn. Sys. 4 (1998) 301–320.
[14] J. Kwapisz, A priori degeneracy of one-dimensional rotation sets for periodic point free torus maps, Trans. Amer. Math. Soc. 354 (2002) 2865–2895.
[15] T.Y. Li, J. Yorke, Period three implies chaos, Amer. Math. Monthly 82 (1975) 985–992.
[16] J.R. Munkres, Elements of Algebraic Topology, Addison-Wesley, 1984.
[17] J.W. Vicks, Homology Theory. An Introduction to Algebraic Topology, Springer-Verlag, New York, 1994. Academic Press, New York, 1973.
